Disappearance of shell effects at high excitation: Self-consistent calculations u t finire temperatures. M. Brack and Ph. Quentin (The Niels Bohr Institute, University of Copenhagen, Copenhagen, Denmark). Physicu Scripta (Sueden) 10 A , 163-169, 1974. Self-consistent calculations of highly excited nuclei are presented. The changes in the average nuclear field as a function of temperature are discussed; they are found to be negligible in the calculation of the entropy versus excitation energy at a fixed deformation. The disappearance of shell effects at temperatures T z 2 -3 MeV in heavy nuclei is demonstrated both by calculations of deformation energy curves at different temperatures and by considering the asymptotic behaviour of the entropy. Finally, the validity of some simplifying approximations is discussed.
Introduction
As is well known, the problem of the stability of superheavy nuclei against fission decay is dominated by the existence of f i = 11 texP { N ' i -P)}]-';
In these equations, N is the particle number and fi are the statistical Fermi occupation probabilities (4) strong shell effects [l] . On the other hand, shell effects disappear at high excitation 12, 31. Therefore, in discussing the possibility of producing superheavy elements, it is of importance to make predictions of level densities of highly excited heavy nuclei. Such calculations have been done by different groups [4] within the statistical model using the spectra of independent particles moving in a deformed average nuclear potential. The deformation probability of the nucleus is determined by first calculating the deformation energy surface with the Strutinsky method [2, 51 and then evaluating the level density as a function of excitation and of deformation. This approach is not self-consistent, and one might ask to what extent the parameters of the average field and of the liquid drop model should depend on the temperature. This gives the motivation for approaching the calculation of excitation energies and level densities in a self-consistent way.
Indeed, in such a calculation, one derives simultaneously the average potentials, single particle states and occupation probabilities at each temperature. Calculations along these lines have recently been undertaken for medium and light nuclei [6] and for heavy nuclei [7] . The results presented here are a continuation of the calculations reported in ref. [7] .
Theory
The Hartree-Fock (HF) approximation at finite temperature can be found in different textbooks [8] . Here we restrict ourselves to a short presentation of the most important formulae. Starting from a Hamiltonian H with a nuclear interaction ' 19 .'., 
(5)
Hereby, the variation of the wave functions p,(r) (i.e. the coefficients ( r l i ) ) leads to eq. (2a); the variation of the occupation numbers f, leads to eq. (2b). In eq. (5), E is the average nuclear energy
The excitation energy E*(T) at a given temperature is defined by (8) 
E*(T) = E ( T ) -E(0).
For simplicity, we have presented the formalism without inclusion of pairing correlations. These are important only at low temperatures ( T S 1 MeV); since we are interested in high excitations here, we always consider temperatures for which the BCS gaps are zero ( T > 1 MeV). For the evaluation of the ground state energies (T=O), however, we do include the pairing effects. This is done self-consistently within the BCS approximation, as described in ref. [9] , using constant pairing strengths G, and G, (see the case of 168Yb below).
Numerical details
We have solved the HF-equations (2a, b) for some selected nuclei in different mass regions: "Oca, 16*Yb, 208Pb and the hypothetical , we have to make the assumption that the temperature dependence of the effective interaction can be neglected. The analytical simplicity of the Skyrme interaction leads to a set of differential equations (2a) instead of the usual integrodifferential system. The practical solution of these equations depends on the imposed symmetry of the nucleus. For spherical nuclei, we solve eq. (2a) in coordinate space.2 For axially symmetric deformations, we use an improved version of the code by Vautherin [91 for diagonalization of the matrix H(e) in a truncated deformed harmonic oscillator basis. As a shorthand notation, we will refer to the two codes as the "spherical" and the "deformed" code, respectively (although the latter can be used for spherical nuclei as well).
For temperatures T22.5-3 MeV, a problem arises due to the non-negligible contributions from the continuum region, as is the case for Strutinsky calculations with a finite depth potential
. When using the deformed code, we simply include the unbound levels obtained by the matrix diagonalization. Similarly in the spherical code, we use in an approximate way those states which are "quasibound" by their Coulomb and centrifugal barriers. This prescription of course only provides a limited number of high-lying states, in contrast to the deformed case. We checked that for a sufficiently large basis in the deformed code, the single particle spectra given by the two codes are closely the same also in the continuum region. This is demonstrated in Table I for the proton spectra of 288Gg. In the first two columns we compare the spectra (at T=O) around the Fermi level (indicated by the horizontal line) as they are obtained in the two codes. The bound Physica Scripta 10 A states agree within -0.2 MeV;a those unbound states which lie below +14 MeV agree within less than -0.4 MeV. A similar agreement was found in the spectra of 208Pb, for neutrons as well as for protons. The missing of higher unbound states in the spherical code starts affecting the results for T 2 2.5 MeV.
In the deformed code, on the other hand, one faces the additional problem of optimizing the parameters of the truncated basis. This optimization is done by minimizing the free energy F = E -TS at each temperature; however, it becomes more and more critical with increasing temperature. For the nucleus lasY b, e.g., a basis with 11 oscillator shells, which is sufficiently large at T=O, was found to be too small for a reliable optimization above T -4 MeV.
We have checked quantitatively the continuum and truncation effects on the excitation energies E* and entropies S by comparing the results obtained for 'OsPb with the two different codes (13 shells were included in the basis). We found that both E* and S obtained in the two different ways agree within 1 % up to T-2.5 MeV (E* =110 MeV). For T22.5 MeV, the results start deviating. A consequence of this will be seen in Fig. 7 below. Otherwise, it does not affect the conclusions drawn in this paper.
At temperatures for which the occupation probabilities of unbound states are sufficiently large, the evaporation of nucleons becomes physically important. We do not, however, take this process into account, since it cannot be described by equilibrium statistics. Therefore, our results at very high temperatures (T-5-6 MeV) should only be used for asymptotic extrapolations (see the discussion after eqs. (9)-(11) below) and are not meant to describe any real physical systems. One should also keep in mind that the particle number is only conserved, on the average, by eq. (2b). As an example, the fluctuation < ( N -( N ) ) 2 ) f for la8Yb at T = 3 MeV is 3.69 and 3.25 for neutrons ( N =98) and protons ( Z 5 70), respectively.
Results
We found in ref.
[7] that the selfconsistent single particle levels si of zosPb vary only slightly with temperature (see figure 1 of ref. [7] ). The same was observed in all spherical nuclei considered.
As a rule, the lowest levels increase slightly with temperature, whereas high-lying states decrease. The strongest variation between T = 0 and T = 5 MeV did not exceed -1.6 MeV. This holds good for both proton and neutron levels. As a further example, we have listed part of the proton spectrum of 288Gg at T=O and T = 5 MeV in columns 2 and 3 of Table I .
This remarkable constancy can be understood qualitatively by looking at the behaviour of the local potentials and the effective masses of the Skyrme-HF-Hamiltonian (see ref.
[lo]) as functions of the temperature. Since these quantities are self-consistently related to the density distributions, we first present as an example in Fig. 1 the proton density distributions of ,08Pb at three different temperatures. We see that the heating of the system results in a smoothing of the shell oscillations; at T = 5 MeV the distribution is almost perfectly smooth. At the same time the central density is clearly lowered and the surface region is broadened. This trend, which leads to an increase of the root mean square radius, can easily be understood by the inclusion of higher lying states with larger quantum numbers as the temperature grows. * This difference is due to the truncation; the numerical error in the energies q is one order of magnitude smaller. The increase of the smooth proton density with the radius is mainly a Coulomb effect' and almost non-existent in the corresponding neutron distribution. The smooth density seen in Fig. 1 at T = 5 MeV might be compared to the one obtained from the self-consistent density by a Strutinsky averaging [2, 121. This averaging, however, leads to a "cold" average density (see also ref. [13] ) as compared with the "hot" one in Fig. 1 , and therefore the two smooth distributions have different features. The cold average density still contains some remaining oscillations which are connected to the Friedel oscillations [14] ; its root mean square radius is not larger than the self-consistent one. In the heated distribution (Fig. l) , the Friedel oscillations are much less pronounced due to the increased surface thickness. A more detailed comparison of the two averaging processes will be found elsewhere [15] .
The proton and neutron r.m.s. radii of zosPb are shown in Fig. 2 as functions of the temperature. We are grateful to Professor W. Swiatecki for drawing our attention to this point. density e,(r), whereas its average depth seems almost constant or to decrease only very slightly. The effect of these variations on the single particle spectrum is now the following: An increase of the effective mass raises the deep-lying levels and lowers the high-lying ones (see, e.g. ref.
[l 11). An increase of the radius, on the other hand, lowers the entire spectrum. These two effects cancel each other in the lower part of the spectrum and go in the same direction for the high-lying states. This explains in a qualitative way the results described above for the temperature dependence of the single-particle spectra.
A consequence of the small variation of the single-particle levels with temperature is that one can use the fixed ground state spectrum (at T=O) to obtain the entropy of the nucleus as function of its excitation energy in a very good approximation. This has been demonstrated for the case of zoaPb in ref. [7] and will be discussed further in Sect. 5 below.
In nuclei with a deformed ground state, we have to expect more changes of the average field, since the melting of the shell structure will make the nucleus spherical at high excitation. We demonstrate this in Fig. 4 where we have plotted the free energy determined by the constant uniform gap method proposed by Strutinsky [5, 21 (a = 1 MeV). We checked that the critical temperature T, at which the gaps disappear is less than 1 MeV at all deformations considered. The basis contained 11 oscillator shells and its parameters were optimized at all points. The convergence of the results was checked by including 13 shells for some points. As expected, the shell effects in the curves of Fig. 4 disappear with increasing excitation. At T -3 MeV, the deformation energy curve behaves like a liquid drop model curve. In particular, the minimum is at zero quadrupole moment. Fig. 5 shows that also the hexadecapole moment Q4 vanishes at the same rate as Qz, thus really leading to a spherical shape at Tz: 3 MeV. The curves Q 2 ( T ) , Q 4 ( T ) in this figure were obtained from the solutions at the local minima (circles in Fig. 4) on the prolate side. At temperatures T 2 4 MeV, the quadrupole moment Qz is numerically not exactly zero but has values which lie within the hatched area in Fig. 5 . This is due to the truncation effects mentioned above and has no physical significance.
Of course, our approach is purely static; a proper inclusion of dynamics which would allow collective vibrations of the nucleus could easily lead to an average spherical shape already at T -2 MeV, due to the softness of the central barrier of the curve F(QJ (Fig. 4) at this temperature. The disappearance of the shell effects can also be seen when studying the entropy as a function of excitation energy. At temperatures which are high enough to wipe out the shell effects, the entropy S and the excitation energy E * are approximately given by the asymptotic formulae (see e.g. 
E * -a T 2 -AE,,.
Here AE,, is the ground state shell-correction and a the level density parameter which is proportional to the average density #(p) of single particle states at the Fermi energy:
We can check the asymptotic relations (9, 10) by looking at the quantities 1 dSa S dE* and ~ 4 dE*=rT dT2 evaluated numerically from the finite differences obtained at different temperatures. Fig. 6 shows these quantities for l@Yb as functions of E*. The horizontal dashed line corresponds to the value a as found from the ground state spectrum by means of a Strutinsky procedure. We see that --reaches exactly the value a at T -3 MeV. The quantity -is also approximately constant for T 2 2 . 5 MeV, but with a somewhat smaller value than a. The reason for this is that the derivatives g'(p), ij"(p), etc. of the average single particle level density, which are non-zero in realistic cases, have been neglected in eqs. (9, 10) ; it appears that they affect eq. (9) much less than eq. (10) .
The behaviour of the curves in Fig. 6 at low temperatures reflects the shell structure. Such plots can therefore be used to 1 dS2 4 dE* dE* dT2 Fig. 4 for la8Yb) as a function of temperature in order to consider the effect on the whole fission barrier (see ref. [16] ). Second, as we mentioned above, collective vibrations become more important when the deformation energy curve is smoothed out. Third, the effect of rotations may not be neglected, as high spins also tend to lower the shell effects (see ref.
[17]). The spin could be taken into account by inclusion of some constraint in the HF-equation; for very heavy nuclei such a calculation exceeds, however, the limits of computer time available at present. approximately determine the temperature (excitation energy) at which the shell effects disappear. 1 dS2
dE*
In Fig. 7 we present similar plots of -~ for the nuclei *08Pb
and W3g. Since it is interesting to study the contributions from neutrons and protons separately, we have evaluated S, E* and the derivative -~ for each kind of nucleons. For theexcitation energy E*, this separation into two parts is not trivial, since the potential energy term in the total HF-energy, eq. (6), couples the neutron and proton contributions. However, the approximations to E* discussed in Sect. 5 below allow to separate the two contributions.
As in Fig. 6 , the horizontal (-.-j lines in Fig. 7 correspond to the values of the level density parameter a evaluated from the ground state spectra E $ . The solid curves are the quantities 1 dSL ---calculated with the spherical code. In the case of *OSPb, 4 dEh we show by dashed curves the results calculated with the deformed code. The deviations at T 2 3 MeV are due to the different treatment of the continuum region discussed above. The asymptotic behaviour found with the deformed code is clearly better because of the larger number of unbound states included. The difference is, however, smaller for protons due to the Cou-1 dS2 lomb barrier. The quantities -_ reach the values a within 4 dE* -2'0 for zo8Pb and -4:; for 2g8Gg. The fact that these values of a are the ones found from the ground state spectra once more demonstrates the smallness of the change of the spectrum with temperature.
Obviously the shell effects are stronger in 208Pb than in the superheavy nucleus. In the former case the asymptotic values of a are reached at T-2.5 MeV, whereas in the latter nucleus this is the case already at T1: 1.5-2 MeV. For completeness we give the total quantities S, E* and -~ evaluated for 2eaGg at temperatures T=0.5 MeV to 5 MeV in Table 11 . We can conclude that for this nucleus an excitation energy E* of 25-30 MeV seems sufficient to destroy the shell effects. This estimate is however subject to different limitations and several improvements have to be made before one can give a more accurate number. First, one should calculate the entire deformation energy curve (as in
Approximations to excitation energy and entropy
As already mentioned in ref.
[7], the excitation energy E* (8) and the entropy S (7) can be obtained in a very good approximation by using the level spectra e?) obtained at T=O, i.e. by defining where f;") are defined as in eq. (4) Thus the approximation (12, 13) leads to a slight redefinition of the temperature, without however affecting the quantity of physical interest, namely the entropy as function of excitation, within the numerical accuracy of the calculations. The same result was also obtained for the nuclei ' Oca1 and *%g. The approximation (12, 13) can be used in deformed nuclei, too. But here one has to keep the deformation fixed at each temperature by using a constraint. Otherwise the average poten- T (MeV) tial changes its shape with increasing temperature, as shown in Figs. 4 and 5, which leads to a substantial rearrangement of the levels E~ and therefore strongly affects both S and E*. For a fixed deformation1 however, the levels vary with temperature as little as in spherical nuclei, and the approximation (12, 13) leads for lssYb to similar results as those found in the spherical nuclei.
In order to take the pairing effects into account, one has to modify eqs. (12, 13) by replacing the occupation numbers fro) by the temperature dependent BCS occupation numbers and by adding to E*'o) the difference in pairing energies at the temperatures T and zero (see, e.g. Moretto 141). Another approximation to the self-consistent excitation energy E*, which may be of more academic than practical interest, is given by
where E:') and f j T ) are the selfconsistent quantities evaluated at the temperature T; again the deformation is to be fixed by a constraint for all values of T. We found that E*'eq. (14) approximates the exact value of E* to within -1 MeV up to TI: 4 MeV in heavy nuclei; in aosPb this corresponds to a relative accuracy of 0.4% at T = 4 MeV. The difference AE* =E* -E*'is plotted in Fig. 8 for 208Pb and for lsaYb at two fixed deformations. 
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The smallness of the difference AE* can be explained using an argument which is formally the same as the one used for the derivation of the Strutinsky energy theorem [2, 5, 121 from HF theory. For not too high temperatures, the difference =eT -eo between the self-consistent density matrices at temperatures T and zero is relatively small, i.e. I Se I < I eo I (see e.g. Fig. 1 In a similar way one can show that the difference E* -E * @ ) , eqs. (8, 12) is a second order quantity; however this is less straightforward since two different occupation numbers f ) T , and fy) are involved.
The simplified approximative expression for the excitation energy, eq. 
Conclusions
We have shown that the variation of the self-consistent average nuclear potentials with temperature affect the single particle levels only very little. For the evaluation of the entropy as a function of the excitation energy at a fixed deformation, the use of the ground state (T=O) spectra leads therefore to almost identical results even at very high excitations. This result justifies a posteriori the non-selfconsistent approaches [4] in which the fixed spectra of phenomenological average potentials are used.
Our conclusion that the self-consistency effect at finite temperatures can be neglected, applies only to energy differences such as the excitation energy E* and its relation to the entropy S. As the total energies E eq. (6) or F = E -TS as functions of the temperature are concerned, the self-consistency of our approach is essential. A fit of the curves F(Q) at T 2 3 MeV to a liquid drop model (LDM) expression might, for instance, allow determination of the temperature dependence of the LD-parameters inherent in the interaction used. In fact, a preliminary comparison of the curve F(Q) at 3 MeV in Fig. 4 with the curve E(Q), found in ref. [12] from the H F energy at T=O by a Strutinsky averaging, seems to suggest a slight decrease of the surface energy coefficient with increasing temperature. A more detailed investigation will be presented in ref. [15] .
The starting basis of all realistic level density calculations quoted in ref.
[41 is the evaluation of a deformation energy surface by means of Strutinsky's shell-correction method [5] . In ref.
[12], we have shown numerically that the Strutinsky method is consistent with the constrained H F method up to fluctuations of the order of ? -1 MeV in the total energy of a heavy nucleus. We have recently extended these calculations to the use of a different effective interaction and thereby confirmed the previous conclusions [18] .
Together with the present results, we have thus given theoretical support to the entire non-selfconsistent statistical approach [4] to high nuclear excitations. Our further investigations [15] aim at a determination of the "ideal" average potential and LD para-mental theory I would guess that the Strutinsky method should really be applied to observed energies minus rearrangement energy (which is 5-10 MeV).
meters to be used in this approach as an alternative to the much more complicated and time-consuming, temperature-dependent, constrained HF method.
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Discussion
Question: H. Meldner Is it correct to conclude that these models suggest the approximate relation E,,,,= 3 Eshell where Ecrit denotes the critical excitation energy at which shell effects essentially disappear and Eshell is the shell correction?
Answer: IM. Brack 
Not if
is the shell-correction to the liquid-drop energy (since Eshell might accidentally be zero). An upper estimate would probably be T,,,,= 1/'2 fin, where tiR is the separation of the main shells around the Fermi level.
Question: H. S. Kohler
We have here seen a test of "Strutinsky" against a HF-calculation. However this correction is usually made using obserced single-particle spectra. I would argue that one should use the single-particle energies in the nucleus. These are different from the observed ones that refer to a removal (or addition) of a nucleon. The difference is rearrangement. Without a fundaAnswer: M. Brack I agree with YOU. One should not use the observed single-particle spectra to obtain the shell-correction. Whether higher-order corrections (stemming from graphs not included in HF) to the single-particle levels or corrections due to correlations can be renormalized in Strutinsky's spirit, is an open question.
Question: C. F. Tsang
How is your result as to the second-order oscillating term, compared with that of Bassichis and Tuerpe?
Answer: M. Brack The oscillating part of their higher-order terms is comparable to ours, taking into account the fact that they did not include pairing effects. The magnitude, however, is larger than ours and varies with the range of their averaging parameter, since they do not include what corresponds to Strutinsky's "curvature-corrections", when averaging the density matrix.
